Abstract. A drift-di usion model with density-dependent di usion coecients for the ow of electrons and holes in a semiconductor crystal is considered. It contains a new class of models for recombination-generation e ects as well as boundary conditions modelling Ohmic contacts. Existence of steady state solutions is proven. For a planar pn-diode the qualitative properties of steady state solutions in dependence on the applied voltage is examined and, in particular, voltage-current characteristics are discussed.
Introduction
We consider a drift-di usion model for the ow of electrons and holes in a semiconductor crystal with density dependent di usion coe cient. In particular, the situation is studied when the di usion coe cient tends to zero as the density vanishes. Degenerate parabolic equations of this kind are used as models for the ow in porous media. It is well known that they allow for regions with positive densities to coexist with zero density regions, henceforth termed vacuum regions. Recently it has been established that vacuum regions, i.e. regions depleted of either electrons or holes, are also predicted by the semiconductor drift-di usion model with nonlinear di usion 1], 5]. From a physical point of view this is not unreasonable since it is a basic fact that in semiconductor devices regions with very low carrier densities exist. This property of the model is responsible for one of the main results of this work: For the simplest semiconductor device, the pn-diode, in the absence of recombination-generation e ects, the model predicts an idealized voltage-current characteristic. Its main property is that the current vanishes for applied biases below a threshold voltage which can be computed explicitly. In terms of semiconductor physics, nonvanishing current ow is only predicted in high injection situations.
The paper is organized as follows. In section 2 the model is presented. It consists of a steady state version of the by now well known drift-di usion equations with nonlinear di usion for electrons and holes, coupled to the Poisson equation for the electrostatic potential. We propose mixed boundary conditions modeling insulating boundary segments as well as Ohmic contacts. Also a class of models for recombination-generation phenomena is proposed. These models are motivated by well established corresponding models for the standard drift-di usion equations (with constant di usivity, see 3]). By an appropriate scaling, the equations are made dimensionless.
In section 3 existence of solutions is proven by regularization similar to 4]. The existence proof of that work had to be modi ed for our purposes since in 4] no recombination-generation e ects have been considered, and the boundary data for the densities have been assumed to be bounded away from zero whereas we allow for the occurrence of vacuum at the boundary.
In section 4 we consider a one-dimensional model for a pn-diode. For the case of vanishing recombination-generation we obtain rather explicit information about solutions. In particular, the current through the device is shown to be zero for applied biases below a threshold voltage. The behaviour of the characteristic close to this threshold voltage is analyzed. We also obtain results on the monotonicity of the vacuum regions in terms of the applied bias. For the case of nonvanishing recombination-generation e ects vacuum regions also appear. However, it has to be expected that the current vanishes only in thermal equilibrium, i.e. for zero applied bias.
The Model | Scaling
We consider the following drift-di usion model for the electron and hole current densities: The model is completed by constitutive laws for the pressures. We assume the pressures to be given as functions of the densities in the form r n = kTn 0r (n=n 0 ) ; r p = kTn 0r (p=n 0 ) with the Boltzmann constant k, the lattice temperature T and an increasing dimensionless functionr withr(1) = 1. Then n 0 is the value of the density where the carrier temperature is equal to the lattice temperature. This parameter does not appear in the standard drift-di usion model wherer is the identity. The di usion current densities can be written in the form n rr n = qD n rn ; ? p rr p = ?qD p rp ; with the di usivities D n = n U Tr 0 (n=n 0 ) ; D p = p U Tr 0 (p=n 0 ) ; (2.3) where the thermal voltage is given by U T = kT=q. In the case of the standard drift-di usion model the equations (2.3) are reduced to the so called Einstein relations (see, e.g., 3]). As long as the di usivities are positive, elliptic equations for the densities are obtained by substituting the current relations (2.1) in the continuity equations (2.2). Here, however, we are interested in the degenerate case where the di usivities vanish for zero densities. In particular, the functionr determining the pressures will be assumed to be of the formr (%) = % ; > 1 : (2.4) In the language of gas dynamics this means that we assume isentropic ow for the electron gas and the hole gas with the ratio of speci c heats . Before specifying the boundary conditions and the model for the recombination-generation rate, we introduce a scaling. With the reference length L (e.g., the diameter of ), the reference voltage U T , the reference densitỹ C (typical for the doping pro le), the reference mobility~ and the reference current density q~ C U T =L the dimensionless current relations read J n = n (rr(n) ? nrV ) ; J p = p (?rr(p) ? prV ) (2.5) with r(%) =r(%C=n 0 ). The scaled continuity equations are r J n = ?r J p = R ; (2.6) 
This is the equation of a curve in the n-p-plane having the axes as asymptotes.
It is easy to see that the limit of this curve as " ! 0 is the set of all points
This equilibrium curve corresponds to the equilibrium condition np = n 2 i for the standard drift-di usion model. To describe the equilibrium state further, we turn back to the regularized model. We have to specify the constant values of h " (n)?V and of h " (p)+V such that their sum is 2h " (n i ). This corresponds to choosing a reference value for the potential and we set
Obviously, h " is strictly monotone and maps (0; 1) onto IR. We denote its inverse by g " and rewrite the above equations as n = g " (V + h " (n i )) ; p = g " (?V + h " (n i )) :
In the limit " ! 0 we obtain
where the function g vanishes for arguments smaller than h(0+) and coincides with the inverse of h for arguments greater than h(0+). Now we are in the position to formulate boundary conditions for Ohmic contacts. As for the standard drift-di usion model we assume that the carrier densities at Ohmic contacts are in thermal equilibrium and that the space The values of the thermal equilibrium potential at Ohmic contacts are obtained by " ! 0 in (2.13). However, we have to be careful since h " only has a limit for positive arguments. Since always at least one of the two densities n and p is positive, the potential can be computed from the corresponding equation in (2.13). As for the standard drift-di usion model we call these boundary values the built-in potential:
Note that the built-in potential can also be characterized as the unique solution of the equation
In a nonequilibrium situation, boundary values for the potential are obtained by adding the externally applied voltage at a particular Ohmic contact to V bi (C).
For recombination-generation mechanisms we use a class of models compatible with the nonlinear drift-di usion model in the sense that the recombination-generation term vanishes in thermal equilibrium: R(n; p) = Q(n; p)F(h(n) + h(p) ? 2h(n i )) ; (2.16) with F(0) = 0 ; F increasing, Q(n; p) 0 ; Q(n; 0) = 0 for n n vac ; Q(0; p) = 0 for p n vac : (2.17) 
on C j ; j = 1; : : : ; k; (3.1) where the built-in potential is de ned by (2. This assumption is satis ed if C is su ciently smooth near the contacts.
(H3) The functions Q and F, determining the recombination-generation rate, are smooth. Now we can formulate the main result of this section. Then there exists a weak solution (n; p; V ) 2 (L 1 ( )) 3 with n; p 0 and (r(n); r(p); V ) 2 (H 1 ( )) 3 of the problem (2.5){(2.7), (3.2).
Proof. The proof is similar to that of theorem 3.1 in 4]. The main idea is to consider a regularized version of the problem where the pressure law (2.4) is replaced by (2.10). Accordingly, the functions h and g are replaced by h " (see (2.11)) and its inverse g " , respectively. In the regularized problem (with the unknowns n " , p " , V " ) we introduce the new variables ' " n = V " ? h " (n " ) + h " (n i ) ; ' " p = V " + h " (p " ) ? h " (n i ) :
In analogy to the standard drift-di usion model we shall call ' " n and ' " p the quasi Fermi potentials.
A simple computation shows that in terms of the quasi Fermi potentials we obtain the current relations J " n = ? n n " r' " n ; J " p = ? p p " r' " p ;
and the continuity equations r J " n = ?r J " p = R " = Q(n " ; p " )F(' " p ? ' " n ) ;
with the densities being given by n " = g " (V " ? ' " n + h " (n i )) ; p " = g " (' " p ? V " + h " (n i )) :
The quasi Fermi potentials satisfy the boundary conditions Now approximations for the densities are computed from n = g " (V ? ' n + h " (n i )) ; p = g " (' p ? V + h " (n i )) :
Note that for xed positive " these densities are bounded away from zero uniformly in . Finally, the problems r ( n nr n ) = ?Q(n; p)F(' p ? n ) ; n = U D on @ D ; r n = 0 on @ N ; and r ( p pr p ) = Q(n; p)F( p ? n ) ; p = U D on @ D ; r p = 0 on @ N ; are solved to obtain new approximations ( n ; p ) = T (' n ; ' p ). Again, the unique solvability of the problems and n ; p 2 S is immediate. (The properties (2.17) of the recombination-generation model admit the application of the maximum principle.) Thus, T maps the convex, closed subset S 2 of (L 2 ( )) 2 into itself. Standard arguments show that T is continuous and that T (S 2 ) is precompact in (L 2 ( )) 2 . Schauder's xed point theorem implies the existence of a weak solution of the regularized problem for every positive ". In this section a one-dimensional version of the model (2.5), (2.6), (2.7) with vanishing recombination-generation rate is considered. The doping pro le models a pn-junction. Towards the end of this section the e ects of nonvanishing recombination-generation will be discussed. For the following we slightly change the de nition of the function h, as compared to (2.9), by using 0 instead of 1 as a lower bound in the integration: .1)). For the potential we obtain from (2.15), (3.1) V (0) = h(C(0)) ? h(n i ) ; V (1) = h(n i ) ? h(?C(1)) + U ; (4.6) with the externally applied voltage U.
The total current is given by J = J n +J p . We are interested in the voltagecurrent characteristic, i.e. the dependence of J on the applied voltage U.
As a rst step we consider thermal equilibrium, i.e. U = 0. From section 2 it is clear that the equilibrium potential is the solution of the semilinear elliptic problem 2 V 00 e = g(V e + h(n i )) ? g(?V e + h(n i )) ? C ; V e (0) = h(C(0)) ? h(n i ) ; V e (1) = h(n i ) ? h(?C(1)) ; (4 .7) with the equilibrium densities being given by n e = g(V e + h(n i )) and p e = g(?V e + h(n i )).
Lemma 4.1 The problem (4.7) has a unique, strictly monotonically decreasing solution V e 2 C 1;1 ( 0; 1]). There are points 0 < x pe < x ne < 1 such that n e ( > 0 ; x < x ne ; = 0 ; x x ne ; p e ( = 0 ; x x pe ; > 0 ; x > x pe ;
Proof. Problem (4.7) is a one-dimensional version of (3.3). Thus, existence and uniqueness again follow from standard results for semilinear elliptic equations. The Lipschitz continuity of the second derivative of V e is an immediate consequence of the Lipschitz continuity of g. Monotonicity follows from a maximum principle for the di erentiated equation. Here the monotonicity of the doping pro le is used and the fact that the solution takes its extremal values at the boundaries. Finally, x pe and x ne are the points where V e takes the values h(n i ) and ?h(n i ).
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Remark. Note that we did not prove that problem (4.7) is equivalent to (4.1){(4.3), (4.5), (4.6) with U = 0. It is obvious that the solution of (4.7) solves (4.1){(4.3), (4.5), (4.6) with U = 0. However, no uniqueness result for the latter problem is known. Uniqueness is guaranteed only if we consider the limiting procedure " ! 0, as carried out in the preceeding section, as part of the problem formulation. Now we turn to the nonequilibrium case. For small enough applied voltages U we try to construct solutions with the same qualitative behaviour as the equilibrium solution, i.e. with n ( > 0 ; x < x n ; = 0 ; x x n ; p ( = 0 ; x x p ; > 0 ; x > x p ;
where the points x n ; x p 2 (0; 1) are yet to be determined. Since vacuum occurs for both electrons and holes in intervals of positive length, J n = J p = 0 holds. In the interval 0; x n ), where n is positive, the representation (2.8) of the electron current can be used, and we have 0 = J n = n n(h(n) ? V ) 0 ; implying h(n) ? V = h(n i ) in 0; x n ) ; (4.8) where the value of the constant on the right hand side is obtained from the boundary conditions (4.5), (4.6) at x = 0. Analogously we get h(p) + V = h(n i ) + U in (x p ; 1] : (4.9) As the next step we compute n and p from (4.8) and (4.9), respectively, and assume n = g(V + h(n i )) ; p = g(?V + h(n i ) + U) in 0; 1] : (4.10) Note that it is an extension of (4.8) and (4.9) that we assume the validity of (4.10) on the whole interval 0; 1]. This assumption will be justi ed, if the solution satis es
( > ?h(n i ) ; x < x n ; ?h(n i ) ; x x n ;
V (x) ( h(n i ) + U ; x x p ; > h(n i ) + U ; x > x p : (4.11) With (4.10) the problem can again be reduced to a semilinear elliptic equation:
2 V 00 = g(V + h(n i )) ? g(?V + h(n i ) + U) ? C ; V (0) = h(C(0)) ? h(n i ) ; V (1) = h(n i ) ? h(?C(1)) + U : (4.12) From the boundary conditions it is clear that (4.11) can only be satis ed if U U th (4.13) holds, where the threshold voltage is de ned by U th = minfh(C(0))?2h(n i ), h(?C(1)) ? 2h(n i )g > 0. Lemma 4.2 Let (4.13) hold. Then the problem (4.12) has a unique, strictly monotonically decreasing solution V 2 C 1;1 ( 0; 1]). There are unique points x n and x p in 0; 1] with V (x n ) = ?h(n i ) and V (x p ) = h(n i ) + U. The vacuum regions shrink strictly monotonically in terms of U, i.e. x n is a strictly monotonically increasing and x p a strictly monotonically decreasing function of U. Proof. The rst part of the proof is as the proof of lemma 4.1.
It remains to prove the monotonicity of x n (U) and x p (U). Let U 1 < U 2 U th hold. Then we denote the solutions of (4.12) with U = U 1 and U = U 2 by V 1 and V 2 , respectively. An easy calculation shows that V 2 is an upper solution of the problem for V 1 , and, therefore, V 1 (x) < V 2 (x) for x 2 (0; 1)
follows. This implies V 1 (x n (U 1 )) = ?h(n i ) = V 2 (x n (U 2 )) > V 1 (x n (U 2 )) :
Since V 1 is strictly monotonically decreasing, we obtain x n (U 1 ) < x n (U 2 ).
Considering the problem for V ? U, another comparison function argument shows V 1 ? U 1 > V 2 ? U 2 in (0; 1) and, thus, V 1 (x p (U 1 )) ? U 1 = h(n i ) = V 2 (x p (U 2 )) ? U 2 < V 1 (x p (U 2 )) ? U 1 ; implying x p (U 1 ) > x p (U 2 ), again by the strict monotonicity of V 1 .
All the solutions constructed so far have zero total current. Thus, for U U th , the voltage-current characteristic is identical to the U-axis. The threshold voltage U th is the applied bias where either the electron vacuum set or the hole vacuum set shrinks to one point. For U > U th we expect a total current di erent from zero. In this situation, however, we are not able to obtain information about the solution as explicit as in the case of vanishing current. Figure 1 contains numerically computed (see 2]) electron and hole densities for thermal equilibrium, a reverse bias U < 0, a forward bias 0 < U < U th , and a forward bias U > U th .
In the following we shall carry out a formal asymptotic analysis of the characteristic for U close to U th . In the model (2.4) for the pressure function we shall assume 1 < < 2 : The paramter = 1 ?1 > 1 will be used.
For de niteness we assume C(0) > ?C(1) and, thus, U th = h(?C(1)) ?
2h(n i ). In this case we have x n (U th ) = 1, i.e. the electron vacuum region shrinks to the right boundary point as the applied bias reaches the value of the threshold voltage. In this case n > 0 holds in the interior of the interval, and we expect this to remain true also for larger biases. In the following it will be convenient to work with the electron quasi Fermi potential ' n = V ? h(n) + h(n i ) instead of the electron density. Electron and hole densities are then given by n = g(V ? ' n + h(n i )) ; p = g(?V + h(n i ) + U) ;
for U larger than, but close to U th . The expression for the hole density is the same as above since we expect a hole vacuum region of nite length. Note that the problem (4.1){(4.3), (4.5), (4.6) can now be written as 2 V 00 = g(V ? ' n + h(n i )) ? g(?V + h(n i ) + U) ? C ; ?g(V ? ' n + h(n i ))' 0 n = J n ; J 0 n = 0 ;
(4.14)
As the next step we introduce a small parameter > 0 and set U = U th + u ; u > 0 : Denoting by V th the solution of (4.12) with U = U th we rescale the unknowns by V = V th + v ; ' n = ' ; J n = j n : (4.16) We shall carry out the formal limit ! 0 in the problem for V , ' and j n . Substituting Using the L 1 -estimates for the quasi Fermi potentials, comparison function arguments show that for small applied voltages V , ' n and ' p are small L 1 -perturbations of their equilibrium versions V = V e , ' n = ' p = 0. Therefore, since vacuum regions for both electrons and holes occur at thermal equilibrium, it is obvious from the relations n = g(V ? ' n + h(n i )), p = g(' p ? V + h(n i )) that the same is true for small enough applied voltages.
For vanishing recombination-generation the electron and hole current densities are constant and, thus, the occurrence of vacuum regions for both types of charge carriers implies that the total current vanishes. This cannot be expected if recombination-generation e ects are accounted for. In this case the following szenario is most likely: Away from thermal equilibrium the current is nonzero. In the hole vacuum region it is a pure electron current and a pure hole current in the electron vacuum region. In a layer around the pnjunction, where both carrier densities are positive, recombination-generation e ects are responsible for the electron current gradually being taken over by the holes or vice versa.
These speculations are con rmed by the results of numerical computations. Figure 2 shows numerically computed voltage-current characteristics for vanishing and nonvanishing recombination-generation rates. In the latter case the model R(n; p) = (n + (n vac ? p) + )(p + (n vac ? n) + )(h(n) + h(p) ? 2h(n i )) ; satisfying (2.16), (2.17) was used in the computations. 
